Let G be a compact connected Lie group, or more generally a path connected topological group of the homotopy type of a finite CWcomplex, and let X be a rational nilpotent G-space. In this paper we analyze the homotopy type of the homotopy fixed point set X hG , and the natural injection k : X G ֒→ X hG . We show that if X is elliptic, that is, it has finite dimensional rational homotopy and cohomology, then each path component of X hG is also elliptic. We also give an explicit algebraic model of the inclusion k based on which we can prove, for instance, that for G a torus, π * (k) is injective in rational homotopy but, often, far from being a rational homotopy equivalence.
Introduction
In one of its versions, the generalized Sullivan conjecture [9, 12, 17] asserts that, whenever G is a finite p-group and X is a G-CW-complex, then the inclusion k : X G ֒→ X hG of the fixed point set into the homotopy fixed point set induces an isomorphism in cohomology with F p coefficients. Equivalently, the p-completion of k,
is a homotopy equivalence. In this paper, broadly speaking, we study this fundamental question in the non-discrete case and when p = 0.
Recall that the homotopy fixed point set of a given G-action on X is defined as the space map G (EG, X) of equivariant maps from the universal G-space EG into X. In the same way, the inclusion k can be seen as the map map G ( * , X) → map G (EG, X)
induced by EG → * .
From now on, and unless explicitly stated otherwise, G will denote a compact connected Lie group, or more generally a path connected topological group of the homotopy type of a finite CW-complex. In the same way, by a topological G-space we mean a nilpotent G-space of the homotopy type of a CW-complex of finite type. Even though the action of G on such a space X induces an action in the classical rationalization X Q , the homotopy fixed point set of the resulting action (X Q )
hG may fail to be nilpotent (see [7, Ex. 15] ) in which case, unambiguous rationalization is not possible. Besides, (X Q ) hG may not have the homotopy type of a CW-complex, and in this case, algebraic models would only recover its weak homotopy type.
We then start by setting a sufficiently general context in which the homotopy fixed point set of G-actions in rational nilpotent spaces has the homotopy type of a nilpotent CW-complex. Identifying X hG with the space sec ξ of sections of the Borel fibration
we see that, if π >n X is torsion for a certain n > 1, in particular if X is elliptic, then (X Q )
hG is a rational nilpotent complex of the homotopy type of a CW-complex. Then we prove (see Theorem 15),
Theorem 1. If X is an elliptic space, then each path component of the homotopy fixed point set (X Q )
hG is also elliptic.
A consequence of this if is the following criterium to detect elliptic S 1 -spaces, see Corollary 17.
Corollary 2. A S 1 -space X is elliptic if and only if each path component of the homotopy fixed point set (X Q )
hS 1 has finite Lusternik-Schnirelmann category.
As examples, we explicitly describe the rational homotopy type of the homotopy fixed point set of certain torus actions (see theorems 18, 19 and 20) . 
which has the rational homotopy type of a finite product of odd dimensional spheres. For m = 1 we can be more accurate: (ii) The homotopy fixed point set CP n Q hS 1 has at most n+1 path components and each of them is of the rational homotopy type of one of the following spaces:
Concerning the homotopical behaviour of the inclusion of the fixed point set into its homotopy counterpart, given any rational G-space X for which dim π * (X) < ∞, in particular any rational elliptic space, we build first a Sullivan model of k : X G ֒→ X hG (see Theorem 21) . Then, for G a torus T, we prove the following (see Theorem 24) , which already appears in [7] for S 1 actions.
Theorem 5. The morphism induced by k : X T ֒→ X hT in rational homotopy groups is injective. In particular, if both X T and X hT are simply connected, then cat X T ≤ cat X hT .
In certain cases we can be more explicit. For instance, when X = S n Q is an odd dimensional rational sphere, the map
has the rational homotopy type of the inclusion of a certain factor
in a product of odd dimensional spheres (see Proposition 28). Nevertheless, for S 1 -actions, k often fails to be a rational homotopy equivalence, see Proposition 27: Proposition 6. For any minimal S 1 -action on a non trivial, simply connected, rational elliptic space X, the map k : X S 1 ֒→ X hS 1 is never a homotopy equivalence.
In the next section we set notation, and presents a summary of the results we shall use concerning the rational homotopy type of spaces of sections of nilpotent fibrations. In Section 3, we prove Theorem 1. Section 4 contains Corollary 2 and Theorems 3 and 4. Finally, in §5, we find a model of the map k and prove Theorem 5 and Proposition 6.
Preliminaries: spaces of sections and their models
We shall heavily rely on the basics of rational homotopy theory, all of which can be found in [11] . Here, we simply remark a few facts.
We begin by recalling what we mean by a model of a non necessarily path connected space X as long as all its components are nilpotent CW-complexes of finite type. For it, consider the pair of adjoint functors [4, 24] ,
between the homotopy categories of commutative differential graded algebras, CDGA's henceforth, and simplicial sets. As in [8] , a model of a space X as above, is a free CDGA (ΛW, d), possibly Z-graded, such that its simplicial realization (ΛW, d) has the same homotopy type as the Milnor simplicial approximation S * (X Q ) of the rationalization X Q of X. Here X Q denotes the space whose path components are the classical rationalizations of the path components of X. In the same way, a model for a map f : X → Y is a morphism (ΛU, d) → (ΛW, d) of free CDGA's such that its simplicial realization has the same homotopy type as the simplicial approximation S * (f Q ) of the rationalization f Q . We also recall that a space X is said to be (rationally) elliptic if both H * (X; Q) and π * (X) ⊗ Q are finite dimensional vector spaces. A classical characterization of elliptic spaces in terms of their Sullivan models reads as follows: Recall that a Sullivan algebra (ΛV, d) is pure if dV even = 0 and dV odd ⊂ ΛV even . Given a Sullivan algebra (ΛV, d), its associated pure Sullivan algebra (ΛV, d σ ) is obtained by decomposing, for each
. . , n. Then, the following are equivalent.
(iii) For each even element v k of the considered basis, the cohomology 
As most of our work rely in the identification of the homotopy fixed point set of a given action with the space of sections of the associated Borel fibration, we make a quick overview of the result we use concerning the rational homotopy type of the space of sections of a fibration. To do so fix a nilpotent fibration,
that is, a fibration of path connected, nilpotent spaces in which the action of π 1 (B) in the homotopy groups of the fibre is also nilpotent. 
However, this is not, in general, a homotopy equivalence as sec p Q may fail to be of the homotopy type of a CW-complex. Nevertheless, B Q is still of finite dimension and thus, the classical result [16, Thm. 1.1], generalized to spaces of sections [23] , let us asserts that: if dim B = n and π >n (F ) is torsion for some n ≥ 1, then sec p Q is of the homotopy type of a CW-complex and therefore, sec
If in the original fibration F is already a rational space, it is important to remark that all of the above translates to the following: sec p is already a rational space of the weak homotopy type of sec p Q and it is homotopy equivalent to it whenever B is finite dimensional and π >dim B F = 0. We now turn to the case in which B is not longer a finite complex. In this case, and for any n ≥ 1, we denote by
the pullback fibration of the inclusion B (n) ֒→ B of the n-skeleton over p,
Observe that, if σ ∈ sec p, the map B (n) ֒→ B σ → E induces a section σ n ∈ sec p n . This process defines fibrations,
The same applies to each path component and to the pointed case. It is immediate that,
In particular, each component sec σ p or sec * σ p is not in general a nilpotent space but only pronilpotent. Nevertheless, if π ≥N (F ) = 0, classical obstruction theory let us build a homotopy inverse of sec p → sec p N and thus, sec p ≃ sec p N .
In particular, each path component of sec p has the homotopy type of a nilpotent CW-complex of finite type. The same applies to the pointed situation.
This observation, together with all of the above for the case of a finite base, let us conclude in the following assertion:
If F is a rational space with π ≥N (F ) = 0, then sec p is a rational nilpotent space of the homotopy type of a CW-complex. Moreover,
Next, we recall specific Sullivan models of the spaces considered above. We will follow [6, 8] , which is a slightly different approach of [5] , based on the fundamental work of Haefliger [13] .
We first consider the base of F → E p → B, to be a finite complex. Fix a model of this fibration
in which A is finite dimensional and denote by
the differential graded coalgebra dual of A. Consider the free commutative
endowed with the differential induced by D and δ. Let J be the differential ideal generated by 1 ⊗ 1 − 1 and the elements
The inclusion V ֒→ A ⊗ ΛV induces an isomorphism of graded algebras
so that Λ(V ⊗ A ♯ ) inherits a differential d which makes ρ an isomorphism of differential graded algebras. Then,
In the case of a trivial fibration
in which A is a finite dimensional CDGA model of X and (ΛV, d) is a Sullivan model of Y . Then, it is enough to consider the differential ideal J of Λ(ΛV ⊗ A ♯ ) generated by 1 ⊗ 1 * − 1 and the elements of the form
To deduce, from the setting above, models of the path components of sec p or sec * p we follow the approach in [8, §4] : given an augmentation
is a Sullivan model of the path component of Z containing the given 0-simplex [8, 4.3] .
In particular, choose σ : B → E a section of p and ϕ : (A ⊗ ΛV, D) → (A, d) a retraction of (1) modeling σ. Observe that ϕ corresponds to an augmentation which we denote in the same way ϕ :
is a model of the inclusion sec σ (p) ֒→ sec(p). In the same way,
is a model of the inclusion sec *
We now make no finiteness assumptions on the base B of p. Recall that, if A is a CDGA model of the space X, then the inclusion X (n) ⊂ X of the n-skeleton is modeled by the projection
where I = A ≥n+1 ⊕ C n and C n is a complement of the cocycles of A n . Then, if (1) denotes again a model of p, the sequence
is a model of the pullback fibration
Hence, at the sight of all of the above, we have:
Finally, an analogous result to Theorem 10, replacing A by A N , provides models for the path components of sec p.
Actions on elliptic spaces
As stated in the Introduction, G will always denote a compact connected Lie group, or more generally a path connected topological group of the homotopy type of a finite CW-complex. Also, any considered topological G-space X will be of the homotopy type of a nilpotent CW-complex of finite type.
Given a G-action G → map(X, X), the rationalization functor determines the homotopy type of a map G → map(X Q , X Q ). We see now that within this homotopy type there exist a representative which is in fact a G-action. This is well known if X is a G-CW-complex (see for instance [3, Chap. 1] for the basics of these complexes). In fact [18] , [19, II.3] , [20, Thm. 10] , X always admits an equivariant rationalization ℓ : X −→ X Q , that is, X Q is also a G-CW-complex, ℓ is an equivariant map and, for each closed subgroup H of G, the map induced by ℓ on the fixed points ℓ
In our slightly more general framework we proceed in a different way. Pulling back the rationalization
we find the fibration X Q → E → BG which sits in the following pullback
As the right fibration is a principal G-bundle, X Q inherits a G-action. We call this the rational action on X Q associated to the original G-action on X. Observe that the rationalization X → X Q is equivariant with respect to these actions and, in particular, (
(i) X hG has the homotopy type of a nilpotent CW-complex of finite type.
Lemma 13. The rationalizations of the Borel fibrations ξ and η, of the original action and the associated rational action respectively, coincide. In
Proof. As the Borel construction is natural with respect to G-equivariant
As the top and bottom maps are rational equivalence so is the middle one.
of Proposition 12. The basic observations in §2 clearly imply (i) as
For the second assertion, and with the notation in §2, sec ξ ≃ sec ξ N , and thus (sec ξ) Q ≃ (sec ξ N ) Q . Again, by the general statements in the past section, (sec ξ N ) Q ≃ sec ξ N Q . Now, by the lemma above, sec ξ N Q ≃ sec η N Q . But note that the fibre of η N is a rational Postnikov piece. Hence sec η N is rational and sec η N Q ≃ sec η N . Finally, observe that sec η N ≃ sec η. This chain of identities reduces to (sec ξ)
Remark 14. If the G-space X is not a Postnikov piece, the homotopy fixed point set X hG may not be of the homotoy type of a CW-complex and thus, (X hG ) Q makes no sense from the classical point of view. However, if π >N X is torsion for some N, in particular if X is rationally elliptic, X Q is a Postnikov piece and by (i) of Proposition 12, the homotopy fixed point set of the rational action (X Q )
hG is a nilpotent space of the homotopy type of a CW-complex. Moreover, in view of the general facts in §2, (X Q ) hG is also a rational space for which,
where, as above, η is the Borel fibration of the associated rational G-action on X Q . .
From now on we will consider G-actions on rationalizations X Q of elliptic spaces (which are not necessarily arising from actions in X). In view of the remark above, as there is no possible confusion, we will denote (X Q ) hG simply by X hG Q . Our main result is the following. The minimal model of G is an exterior algebra (ΛP, 0) where P is an oddly graded finite dimensional space [11, Pg. 143, Ex.3] . Hence [11, Prop. 15.15 ], the minimal model of BG is (ΛQ, 0) with Q r = P r−1 , and any relative Sullivan algebra modeling ξ N is of the form
where A = (ΛQ/(ΛQ) >N , 0) and (ΛV, d) is the minimal model of X. Hence, in view of Theorem 11, a model of
To model the path component of X hG Q containing a given section we can always assume, modifying the differential D, that this section is modeled by the retraction ϕ : (A⊗ΛV, D) → A, ϕ(V ) = 0. In particular, DV ⊂ A⊗Λ + V . In this case, Theorem 10 asserts that a Sullivan model of the considered component is,
its associated pure model. Now, ellipticity of X translates, via Theorem 7, to the existence of a homogeneous ordered basis of V , B V = {x 1 , . . . , x r , y 1 , . . . , y s }, where {x 1 , . . . , x r }, {y 1 , . . . , y s } are basis of V even and V odd respectively, such that: for any i = 1, . . . , r, there is a positive integer N i , and elements
We will use the same criterium to show the elliptic character of (4). To do so, given {a 1 , . . . , a t } a homogeneous basis of Q, consider the induced basis of A,
and the corresponding dual basis in A ♯ ,
The computation of the diagonal for the element of this basis is straightforward:
Moreover, if we denote ∆ 2 = ∆ and
Now, we consider the basis of
and define the following order on its elements. Given x k , x ℓ ∈ B V , we say that x k ⊗ 1 precedes x ℓ ⊗ 1, and we denote it by
In general, given even elements
where some j r and j
♯ , and we denote it by
whenever:
1.
and k < ℓ; or else,
Here, < A ♯ denotes the lexicographic order in B A ♯ , that is,
if there is i = 1, . . . , t such that j i < j ′ i and j l = j ′ l for l < i. Finally we choose any order on the odd elements of B and impose that even elements always precede odd elements.
We will devote the rest of the proof to show that, with this order, Theorem 7(iii) holds. Choose an even element x i ⊗ (a
♯ ∈ B and fix, for x i , an integer N i and elements
Then, the proof of Theorem 15 is completed with the following lemma, with ρ as in (2).
Lemma 16. With the notation above,
Proof. Note that, as the differential in A ♯ vanishes,
modulo the ideal K ϕ . Hence, if we write
we conclude that
We analyze each summand separately. Modulo scalars, write Γ = a
Now, in view of (6), (7), and the generators of the ideal J (see §2), any summand of the above formula either vanishes (if k m > j m N i for some m = 1, . . . , t), or else,
where the summation is taken over all possible families {b 1 , . . . , b p } of the basis B A such that,
We now apply the trivial fact by which r − k k − s < − r s for every positive integers r > s > k. Choosing, a = |x
we have
Next, for each summand in (8) we will apply another trivial fact: let r 1 , r 2 , . . . , r n and s 1 , s 2 , . . . , s n be positive and negative integers respectively. Then, either:
Choosing r i = |x ℓ i | and s i = |b ♯ i |, we see that there exists m = 1, . . . , p such that
Hence,
, which translates to
In view of (8) this implies that
Next, we focus on
where the summation is taken over families {b 1 , . . . , b p } of B A such that
. For each summand, applying again (9) choosing r i = |x ℓ i | and s i = |b ♯ i |, we obtain that either: There exists some m = 1, . . . , p such that
♯ ; or else, for every m = 1, . . . , p,
However, as ℓ 1 < i, we obtain that
Finally, we analyze
where the summation is taken over families {b 1 , . . . ,
. For each summand, applying again (9) above, we assert that either:
There exists some m = 1, . . . , N i such that
In this case, as
, the inequality (a
Hence there are two possibilities: one is that b
♯ . The other is that, for every m = 1, . . . ,
♯ . This only occurs when the considered summand is (x i ⊗ (a
Hence, we conclude that
where (10), (11) and (12) the lemma follows and Theorem 15 is proved.
Tori and circle actions
In this section we present some consequences and examples of the results in the past section when G is a torus. We begin by a consequence of Theorem 15 for circle actions. is also elliptic and in particular has finite LS-category. On the other hand, if X is hyperbollic, Theorem 5 of [7] guarantees that the LS-category of such a component is infinite. Note that in this case X hS 1 Q may not be a CW-complex, nor nilpotent.
We now describe explicitly the homotopy type of the homotopy fixed point set of certain tori and circle actions. In the remaining of the section any considered action has fixed points.
Theorem 18. Given an S
1 action in the rational n-sphere S n Q :
(ii) If n is even, S n Q hS 1 is either path component and of the rational homotopy type of
or else, it has two components, each of them of the rational homotopy type of
Proof. (i) In view of Remark 14,
is the corresponding Borel fibration. Note that ξ n+1 is modeled by the trivial algebraic fibration
where A = (Λa)/a n+1 2 , |a| = 2 and |x| = n. Thus,
Now since n is odd, S n Q is an H-space, and so is S n hS 1 Q
. On the other hand, a direct computation shows that the minimal model for the mapping space is
We observe that this is also the minimal model for the product S 1 × S 3 × · · · × S n , and this gives the result. Note that a basis for the rational homotopy groups of S n hS 1 Q is given by the maps
whose adjoints are given by the following compositions:
Here p q denotes the projection on the component r = q.
(ii) Again by Remark 14, as π ≥2n (S n Q ) = 0,
Here, ξ 2n is modeled by
where A = (Λa)/a n+1 , a, x, y are of degree 2, n, 2n − 1 respectively, , Dx = 0 and Dy = x 2 + λa n 2 x, λ ∈ Q. (ii.1) If λ = 0 then ξ 2n is trivial and
A straightforward computation shows that this mapping space has a model of the form
with |x s | = 2s, |y r | = 2r − 1, dy 1 = 0, dx s = 0 and for r > 1, dy r = s+t=r x s x t . This is the model of
(ii.2) If λ = 0, the truncated Borel fibration ξ 2n has two non homotopic sections σ, τ which corresponds to the only two possible retractions of its model,
A direct computation shows that the model of sec σ ξ 2n is of the form,
where the linear part of the differential satisfies,
Therefore, if we quotient this model by the acyclic ideal generated by the variables (x ⊗ (a r ) ♯ ) and by (y ⊗ (a s ) ♯ ) for n/2 ≤ s ≤ n − 1, we obtain a model with differential zero
This implies the result. The same conclusion is obtained for the model of sec τ ξ 2n replacing λ by −λ.
Theorem 19. The Borel fibration of any torus T
m action in an odd dimensional rational sphere S n Q is homotopically trivial. In particular,
which has the rational homotopy type of a finite product of odd dimensional spheres.
Proof. This is a generalization of Theorem 18 (i). Indeed, a direct computation shows that a model for the homotopy fixed point set is given by Λ(x ⊗ J), 0 with x in degree n and
This gives the result. 
. . .
where
is the corresponding Borel fibration. A model of ξ 2n+2 is
where A = (Λa)/a n+2 , |a| = |x| = 2, |y| = 2n + 1, and
Non homotopic sections of ξ 2n+2 correspond to non homotopic retractions
each of which is uniquely determined by the scalar µ ∈ Q for which ϕ(x) = µa. However, the equation ϕ(Dy) = 0 reduces the number of these scalars to the set of rational solutions of the equation
This proves that CP n Q hS 1 has at most n + 1 components.
On the other hand, a direct computation shows that any the resulting path component of sec ξ 2n+2 has a model of the form
for some scalars µ i ∈ Q, i = 1, . . . , n.
If µ 1 = 0 this is a model of
More generally, if µ 1 = · · · = µ i−1 = 0 and µ i = 0 this is a model of
Finally, if λ i = 0 for all i = 1, . . . , n, the above is a model of
Let X be a G-space for which X G = φ. The equivariant map X G ֒→ X induces a map between the corresponding Borel constructions,
Then, the fundamental inclusion from the fixed point set into the homotopy fixed point is identified with
where X G ֒→ map(BG, X G ) and γ * : sec η → sec ξ are induced by BG → * and γ respectively.
From now on, to avoid excessive notation, the G-space X will be already a rational nilpotent space with dim π * (X) < ∞, in particular any elliptic space. Moreover, X G will be assumed to be of the homotopy type of a path connected (otherwise, everything which follows can be applied to any of its path components) nilpotent CW-complex of finite type (over Q) and with rational homotopy groups of total finite dimension. In some cases, for tori for instance as we shall see later, the fact that dim π * (X G ) ⊗ Q < ∞ is deduced from dim π * (X) < ∞. In general however, not much is known from the homotopical behaviour of X G unless some constrains are imposed (see for instance [3, §3.3] or [10] ).
Under these conditions, in view of Proposition 12 and Remark 14, each component of map(BG, X G ) and X hG has the homotopy type of a rational nilpotent CW-complex. Moreover, if N is such that 
where,
Proof. Well known facts on the rational homotopy type of mapping spaces and spaces of sections of nilpotent fibrations let us assert that φ and γ are models of map(BG (N ) , X G )
respectively. The composition of these maps is precisely k in view of (14) .
We now apply all of the above to tori actions. As before X will denote a rational space with dim π * (X) < ∞ in which the m-dimensional torus T acts. Then, a deep result of Allday [1, Thm. 3.3] 
In particular dim π * (X T ) ⊗ Q < ∞ and we do not have to impose this extra condition. However, we do need to assume the following [2, Cond. 
is a quasi-isomorphism.
In the case of S 1 -actions, R = (Λa, 0) with |a| = 2, a straightforward consequence of the Theorem 22 above is:
Lemma 23. There exist a subspace W ⊂ V , with dim W = dim Z, homogeneous basis {w j } j∈J and {z j } j∈J of W and Z respectively, and non negative integers {m j } j∈J such that
Our first result involving tori actions generalizes [7, Thm. 4] .
Theorem 24. the morphism induced by
is injective. In particular, if X T and X hT are simply connected, cat(X
Remark 25. Observe that, whenever X is the equivariant rationalization of a T-CW-complex, X T is already a rational space and thus, theorem above asserts that
is injective.
Proof. Assume first m = 1, that is, T = S 1 . By Theorem 21, the inclusion
is modeled by the composition
for some positive integer M which can be chosen arbitrarily big. Choose homogeneous basis {w j } j∈J and {z j } j∈J of W and Z respectively, and non negative integers {m j } j∈J satisfying the identities of Lemma 23 above. Observe that, for each j ∈ J,
That is, the model of k is surjective on indecomposables and thus, π * (k) ⊗ Q is injective. and observe that, given σ ∈ X hT a section as in the diagram, the map σ • g factors through X hS 1 to produce the section σ ∈ X hS 1 . Thus, we have a map X hT → X hS 1 closing the following square,
But k S 1 induces an injection on rational homotopy groups, so does k T . Finally, if X T and X hT are simply connected, the Mapping Theorem [11, Thm. 28.6 ] guarantees that cat X T Q ≤ cat X hT .
Example 26. Consider in S 2 the trivial S 1 -action and the S 1 -action by rotation along an axis. The fixed point sets are S 2 and S 0 respectively. The models of the Borel constructions of these actions correspond respectively to choose λ = 0 and λ = 1 in the general model of the Borel construction of any S 1 action on S 2 given by (Λa ⊗ Λ(x, y), d) with dy = x 2 + λa n/2 x and |x| = 2.
To see this, consider as above K = Q(a) the field of fractions of Λa. For λ = 0, one trivially sees that (K ⊗ Λ(x, y), d) is the model of S 2 over K. If λ = 1 we obtain that the cohomology of (K⊗Λ(x, y), d) is K[x]/(x 2 −ax) which is isomorphic to Ke 1 ⊕ Ke 2 with e 1 = a −1 x and e 2 = 1 − a −1 x. Thus, e 1 + e 2 = 1, e , and dim V = dim Z. In the minimal model (ΛV, d) of X choose a non trivial element v ∈ V of odd degree at least 3 and proceed as follows: by Lemma 23 there exist a non negative integer n and z ∈ Z such that ψ(v) = a n z + Γ, Γ ∈ R ⊗ Λ ≥2 Z.
Then, if n ≥ 1, γ • φ(v ⊗ 1) = 0. Otherwise, if n = 0, choose α ∈ A ♯ dual of a. Observe that |v ⊗ α| ≥ 1 and γ • φ(v ⊗ α) = 0. Therefore, π * (k) ⊗ Q is never surjective. Remark 29. that, for T = S 1 , the statement above can be refined: there exists an integer j ∈ {1, 3, . . . , n} such that k has the rational homotopy type of the inclusion S j ֒→ S 1 × S 3 × · · · × S n .
